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Abstract 

We study the regularity properties of integro-partial differential equations of Hamilton- Jocobi-Bellman 
type with terminal condition, which can be interpreted through a stochastic control system, composed 
of a forward and a backward stochastic differential equation, both driven by a Brownian motion and a 
compensated Poisson random measure. More precisely, we prove that, under appropriate assumptions, 
the viscosity solution of such equations is jointly Lipschitz and jointly semiconcave in (t,x) £ A x R d , 
for all compact time intervals A excluding the terminal time. Our approach is based on the time change 
for the Brownian motion and on Kulik's transformation for the Poisson random measure. 
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1 Introduction 

We are interested in the regularity properties of the viscosity solution for a certain class of integro-partial 
differential equations (IPDEs) of Hamilton-Jacobi-Bellman (HJB) type. In order to be more precise, let us 
consider the following possibly degenerate equation: 

^-V(t, x) + inf {(£" + B u )V(t, x) + f(t, x,V(t, x), (D x Va)(t, x), 
at ueu 

V(t, x + f3(t, x, u, •)) - V(t, x), u) } = 0; ( L1 ) 

IV(T,i) = $(i), 

where U is a compact metric space, C u is the linear second order differential operator 

C u ip{x) = tr \-aa T (t, x, u)D 2 xx ip{x) \ + b(t, x, u) ■ D x ip(x), <p G C 2 (K d ), 



2 

and B u is the integro-differential operator: 

B u tp(x)= / [tp(x + 0(t,x,u,e))-ip(x)-0(t,x,u,e)-D x ip(x)]U(de), tpeC$( 
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China (973 Program) grant No. 2007CB814900 (Financial Risk) and the NSF of China (No. 11071 144). 
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Here, II denotes a finite Levy measure on E = R"\{0}. Our main results say that, under appropriate 
assumptions, for all 5 > 0, the viscosity solution V is jointly Lipschitz and jointly semiconcave on [0,T — 
5} x M d , i.e., there is some constant Cg such that 

|V(to,a;o) - V(ti,a;i)| < C s (\t - h\ + \x - Xl \), 

\V(t ,x ) + (1 - A)V(ii,a;i) < V(\(t ,x ) + (1 - A)(ti,xi)) +C S \(1 - A)(|t - h\ 2 + \x - xi| 2 ), 

for all (to,xo), (ti,xi) G [0,T — 5] x R d . The joint semiconcavity of V stems its importance from the fact 
that, due to Alexandrov's theorem, it implies that V has a second order expansion in (t,x), didir-a.c. Such 
expansions are important, for instance, for the study of the propagation of singularities. 

Although, at least for PDEs of HJB type, the regularity of the solution of strictly elliptic equations (with 
<7<j t > al, for a > 0) has been well understood for a long time, the joint regularity (Lipschitz continuity and 
semiconcavity) in (t, x) for the viscosity solution of such equations, for which aa T is not necessarily strictly 
elliptic, have been studied only recently. However, under suitable hypotheses, the Lipschitz continuity and 
the semiconcavity of V(t, x) in x as well as the Holder continuity of V(t, x) in t has already been known for 
a longer time. As concerns the semiconcavity of V(t,x) in x, a purely analytical proof was given by Ishii 
and Lions [7]; for a stochastic proof the reader is referred, for example, to Yong and Zhou [15]. Concerning 
the Lipschitz continuity of V in x and the Holder continuity in t (with Holder coefficient 1/2), we refer, for 
example, to Pham [11]. Krylov [8] suggested the joint Lipschitz continuity of V(t, x) on (t, x). However, 
counterexamples show that, in general, one cannot get the Lipschitz continuity or semiconcavity in (t, x) for 
the whole domain [0, T] x R d . In Buckdahn, Cannarsa and Quincampoix [2], it was shown that the viscosity 
solution of PDEs of HJB type (with j3 = 0) is Lipschitz and semiconcave over [0,T — S] x R d for S > 0. In 
Buckdahn, Huang and Li [3], these results were extended to PDEs with obstacle. The approach in [2] and 
[3] consists in the study of the viscosity solution V with the help of its stochastic interpretation as a value 
function of an associated stochastic control problem; it uses, in particular, the method of time change, which 
was translated to backward stochastic differential equations (BSDEs) in [3]. 

In this paper we study the joint regularity of V(t, x) in (i, x) through the stochastic interpretation of 
the above HJB equation as a stochastic control problem composed of a forward and a backward stochastic 
differential equation (SDE). More precisely, let (t, x) £ [0, T] x M d , B = (B s ) sE [ t ^ be a d-dimensional 
Brownian motion with initial value zero at time t, and let \x be a Poisson random measure on [t, T] x E. 
We denote by F the filtration generated by B and /x, and by U B '^(t,T) the set of all F-predictable control 
processes with values in U. It is by now standard that the SDE driven by the Brownian motion B and the 
compensated Poisson random measure ft: 

Xl> x > u = x+ f b(r,X t r ' x ' u ,u r )dr+ f *(r,X t r > x > u ,u r )dB r + f f /3(r,X t r ^ u ,u r ,e)fi(dr,de), s <G [t, T], (1.2) 

Jt Jt JtJE 

has a unique solution under appropriate assumptions for the coefficients. With this SDE we associate the 
BSDE with jumps 

,T ,T 

Y t,x,u = q,(x t 1 ; x > u )+ f(r,X*' x ' u ,Y*' x ' u ,Z^''' u ,U^' x ' ,l ,u r )dr- Z^ x ' u dB r 

J s J s 

- f T [ Ul> x > u {e)ji{dr,de), s e [t,T]. (1.3) 

J s J E 

(As concerns the assumptions on the coefficients, we refer to the hypotheses (H1)-(H5) in Section 2 and 
Section 3.) From Barles, Buckdahn and Pardoux [1] we know that the above BSDE with jumps (1.3) has 
a unique square integrable solution (y*> x >« ) z t ' x ' u , U t > x > u ). Moreover, since is F-adapted, Y^' x ' u is 

deterministic. It follows from Barles, Buckdahn and Pardoux [1] or Pham [11] that the value function 

V(t,x)= inf K*' x '", (t, x) G [0, T] x R d (1.4) 

ueu B 'f(t,T) 

is the viscosity solution of our IPDE. 
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Since unlike [2] and [3] , our system involves not only the Brownian motion B but also the Poisson random 
measure /x, the method of time change for the Brownian motion alone is not sufficient for our approach here. 
So we combine the method of time change for the Brownian motion by Kulik's transformation for Poisson 
random measures (see, [9] [10]). To our best knowledge, the use of Kulik's transformation for the study of 
stochastic control problems is new. Because of the difficulty to obtain suitable L p -estimates of the stochastic 
integrals with respect the compensated Poisson random measure (see, for example, Pham [11]) we have 
to restrict ourselves to the case of a finite Levy measure Tl(E) < +oo. The more general case where 
J E (1 A |e| 2 )n(de) < +oo remains still open. 

Our paper is organized as follows. In Section 2 we introduce our main tools, i.e., the method of time 
change for the Brownian motion and Kulik's transformation for the Poisson random measure, with the help 
of which we study the joint Lipschitz continuity for the viscosity solution of the IPDEs of HJB type. This 
method of time change for the Brownian motion combined with Kulik's transformation is extended in Section 
3 to the study of the semiconcavity property for the viscosity solution of IPDE (1.1). The proof of more 
technical statements and estimates used in Section 3 is shifted in the Appendix. 

2 Lipschitz Continuity 

In this section, we prove the joint Lipschitz continuity of the viscosity solution of a certain class of integro- 
diffcrcntial Hamilton- Jacobi-Bellman (HJB) equations. 

Let T be an arbitrarily fixed time horizon, U a compact metric space, E = M d \{0} and B(E) be the 
Borel (7-algebra over E. We are concerned with the integro-partial differential equation of HJB type (1.1). 
The coefficients 

b : [0, T] x R d x U -> R d , a: [0, T] x R d x U -> M dxd 1 f3 : [0, T] x R d x U x E -> R d , 

f : [0, T] x R d x R x R d x L 2 (E, B(E),U: R) x U -> E and $ : K d -> E 
are bounded continuous functions which satisfy the following conditions: 

(HI) There exists a constant K > such that, for any & = (s l ,y i ) e [0, T] x R d , u e U, i = 1, 2, 

IKM - K6> «)l + - + (jf 10(6, «. e) - e)| 4 n(de) 

<K(\s! - s 2 | + - y 2 \). 

(H2) The function / is Lipschitz in (t,x,y, z,p), uniformly with respect to u € U, and the function $ is a 
Lipschitz function. 

The intcgro-PDE (1.1), as is well-known by now (see, for instance, [1]), has a unique continuous viscosity 
solution V(t, x) in the class of the continuous functions with at most polynomial growth. 

Let {B°} s >o be a d-dimensional Brownian motion defined on a complete space (fli,.Fi, Pi), and rj be a 
Poisson random measure defined on a complete probability space (Q 2 , T 2 ,F 2 ). We introduce (O, J 7 , P) as the 
product space (0,7",P) = (fii,.Fi,Pi) O (0 2 ,7"2,P 2 ) = (fii x n 2 , J"i ® J" 2 , Pi ® P 2 ). The processes B° and r? 
are canonically extended from (fli,.Fi, Pi) and (Q 2 , T 2 , P 2 ), respectively, to the product space (O, J 7 , P). We 
denote the compensated Poisson random measure associated with 77 by 77, i.e., ?y(di, de) = r](dt, de) — dffl(de). 
We assume throughout this paper that the Levy measure n is a finite measure on (E,B(E)). 

We define the process {B s } s > t by putting 

B S = B° S -Bl sG[t,T], (2.1) 

so that {B s } s > t is a Brownian motion beginning at time t with B t = 0. Furthermore, we denote by \x be the 
restriction of the Poisson random measure rj from [0, T] x E to [t, T] x E, and by jl its compensated measure. 
We put 

F?=<r{B r ,r€ M}VjV Pl , J> = tr{/i((t, r] x A) : A e B(E),r e [i,s]}VA^ 2 , 
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and 

J 8 = (f s B ®^)vAi, se[t,T\, 

where Afp ± , A/p 2 and A/jp are the collections of the null sets under the corresponding probability measure. 

Let us also introduce the following spaces of stochastic processes over (ft, J 7 , P) which will be needed in 
what follows. By S 2 (t,T;R d ) we denote the set of all F-adapted cadlag processes {Y s ;t < s < T} such that 



\Y\\s 2 (t,T-M d ) — E 



sup \Y S \ 

t<s<T 



< 00. 



Let L 2 (i,T;R d ) denote the set of all F-predictable ci-dimensional processes {Z s : t < s <T} such that 



|-^l|L 2 (t,T;R d ) 



E 



l^.,| 2 d S 



1/2 



< 00. 



Finally, we also introduce the space L 2 (i, T; ft, R) of mappings U : ft x [0, T] x E — > R which are F-predictable 
and measurable such that 



\\U\\ L 2 {mR) = E 



|C/ s (e)| 2 n(de)d S 



1/2 



< 00. 



Let us now consider the following stochastic differential equation driven by the Brownian motion B and 
the compensated Poisson random measure jl: 

X\' x ' u = x+ ( b{r,X t r ' x ' u ,u r )dr+ f a(r,X t r > x ' u ,u r )dB r + f f [3{r, X*'^, u r , e)£(dr, de), se [t,T], (2.2) 

Jt Jt Jt J E 

where the process u : [t, T] x SI — > J7 is an admissible control, i.e., an F-predictable process with values in U ; 
the space of admissible controls over the time interval [t, T] is denoted by U B, ^(t, T). The following theorem 
is by now classical: 

Theorem 2.1. Assume the Lipschitz condition (HI). For any fixed admissible control u( ) €U(t,T), there 
exists a unique adapted cadlag solution LX^' x ' u ) s e[t T ] <E S 2 (t, T;R d ) of the stochastic differential equation 
(2.2). 

We associate SDE (2.2) with the backward stochastic differential equation 

Y t,x,u = q > (x t T X ' u )+ / f(r,Xp x ' u ,Y?' x ' u ,Zp x ' u ,U}' x ' u ,Ur)dr- / Zp x ' u dB r 

J s J s 

- ( [ U t r ' x ' u (e)fi(dr,de), se[t,T}. 

J s J E 

Then from Barles, Buckdahn and Pardoux [1], Tang and Li [13], we know that this BSDE has a unique 
solution 

(y'' 1 '", Z*' x >", £/*' x '") e S 2 (t,T;M) x L 2 (t,T;K d ) x L 2 (i, T; fi, R). 

Notice that Yf ,x,u is J^-measurable, hence it is deterministic in the sense that it coincides P-a.s. with a real 
constant, with which it is identified. Thus, we have 



yt.X.U = g fy^.uj = 



J f{r, X l r x - U , Y*' x ' u , Zp x ' u , Ut.' x > u , u r )dr + $(A^' U ) 



As usual in stochastic control problems, we define the cost functional J(t, x; u) associated with u € U B,tl (Q, T) 
by setting J(t, x; u) := Y t ' x,u , and the value function is defined as follows: 

V(t, x) = inf J(t, x- u), (t, x) e [0, Tl x R d . 
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It is well known by now that V — {V(t,x) : (t,x) G [0,T] x M. d } is a continuous viscosity solution of the 
HJB equation (1.1). Moreover, V is the unique viscosity solution in the class of continuous functions with 
at most polynomial growth (see: [11], [14]). 

Our main result in this section is the following theorem. 

Theorem 2.2. Let S G (0, T) be arbitrary but fixed. Under our assumptions (HI) and (H2), the value 
function V(-, •) is jointly Lipschitz continuous on [0, T — S] x R d , i.e., for some constant C$ we have, for all 
(to,a;o),(ti,a;i) e [0,T - 6} xR d : 

\V(t ,x )-V(t 1 ,x 1 )\ < C 5 {\t -h\ + \x - Xl \). 

Remark 2.3. In general we cannot expect to get the joint Lipschitz continuity over the whole domain 
[0, T] x R d . In [2] is given an easy counterexample: We study the problem 

Xl' x = x + B s , se[t,T], xeR: 

Yf'* = -E[\X t / ! \\T a ] =-E[\x + B T \\T s ], sG[t,T], 
without control neither jumps. Then 

V(t,x)=Y t t ' x = -K[\x + Bt\], 
and, for x — 0, recalling that B is a Brownian motion with B t = 0, we have 

V(t,0) = -E[\B T \} = -J-VT~t, te[0,T]. 

V 7T 

Obviously, V(-,x) is not Lipschitz in t for t = T. However, V is jointly Lipschitz on [0,T— S] x K, for 
5€{0,T). 

Let us introduce now Kulik's transformation in our framework. The reader interested in more details on 
this transformation is referred to the papers [9] and [10]. 

Let to,ti G [0,T] and let, for t = to, (i be the Poisson random measure which we have introduced as 
restriction of rj from [0, T] x E to [to, T] x E. With the help of /i we define now a random measure r(fj,) on 
[t ,T] x E. Denoting by 

t : [t u T] ^ [t ,T] 

the linear time change 

7-(*)=to+y^(*-ti), SG[h,T], 

we put 

T(fi)([t u s] x A) := MK*i), t(s)} x A), h < s < T, A G B(E). 
Observing that t = f (s) = ^1*° , we put 

7 = In (f) = In [ — — — | . 

From Lemma 1.1 in Kulik [9] we know that, for all {si, • • • , s n } C [ii,T], A l7 • • • , A„ G B(E) and all Borcl 
function ip : W l -> M+ , we have 

Lemma 2.4. 

E[(^(r( M )([i 1 ,s 1 ] x Ai), • • • ,T(jj,)([t u a n ] x A„))] 
=E[p T ip(r]([t 1 ,s 1 ] x Ai),-- - ,J?([ti,s„] x A„))], 

where 

p T = exp{ 7 r ? ([t 1 ,T] x E) — (h - t )Tl(E)}. 
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For the convenience of the reader we sketch the proof. However, we restrict to a special case (n = 1), 
the proof of the general case n > 1 can be carried out with a similar argument and can be consulted for the 
more general case U(E) = +00 in [9]. 

Proof: (for n = 1). Observing that for A 2 = E\Ai, 

??([*!, si] x Ai), T]([s u T] x Ai) and r){[t u T] x A 2 ) 

are independent Poisson distributed random variables with the intensities (si — ii)n(Ai), (T — s 1 )n(A 1 ) 
and (T — f 1 )n(A 2 ), respectively, we have 



E[p TV (»y([ti,«i] x Ax))] 
= | ^ ^(fc)cxp{ 7 fc + 7?-(t 1 -to)n(A 1 )} 



fe,;>o 

((si - ii)n(Ai)) fe ((T - si)n(Ai)) ! 



x exp{-(T-*i)n(Ai)}- 



M II 



x I J] exp{ 7 m - (t! - i )H(A 2 )} cxp{-(T - ii)n(A 2 )} | 



m>0 

=/i x h. 



But, taking into account the definition of 7 and that of t(si) we have 

"fc! Ur-ti 



h =(^^(fc)cxp{-(T-t )n(A 1 )}i ^) (.Si-txMA!)"' 



fe>0 

; 



m cx P {-(T - t )n(A 1 )} 7 ^ ((r(*i) - to)H(A 1 )) fe } cxp{(T - r( Sl ))H(A 1 )} 

= V(k) exp{-(r( Sl ) - to)H(A 1 )}^ ((r( Sl ) - t )H(A 1 )) fe 

=E[^(r(/i)([ti,*i]xA 1 ))]. 
In analogy to the computation for 7i, but now with <p = 1, we get that J 2 = 1. Consequently, 

E[p T ^(7 7 ([t 1 ,s 1 ] x Ax))] =E[ V (t(m)([*i,*i] x AO)]. 
Hence the proof is complete. 

From the above lemma we have, for all n > 1, {si, • • • ,s n } C [ii,T], Ai, • • • , A„ € B{E) and : M™ 
Borel function, 

E[^(tj([ti,si] x Ai),-- - ,r]{[ti,s n ] x A„))] 
=E[/9 T <p(»7([ti,si] x Ai),-- - ,v{[h,s n ] x A„)) 

x cxp{- 7 77([ti, T] xE) + (ti - to)Il(E)}] 
=E[ip(r(jji)([ti,ai] x Ai),-- - ,rj([ti,s n } x A„)) 

x exp{- 7 r( M )([t 1 , T] x E) + fa - t )U(E)}] 
=E[g T (p(T(n)([t 1 ,s 1 ] x AO,-- - ,r?([ii,s„] x A„))] , 
for 5t = exp{- 7 r(M)([ti,T] x £) + (h - t )U(E)}. 
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This allows to show that under the probability measure Q T = g T ¥, the point process r(/x) defined over 
[ti, T] x E, has the same law as the Poisson random measure 77 restricted to [ti,T] x E, under P. Consequently, 
under Q T = g T ¥, r(ry) is a Poisson random measure with compensator dsll(de). 

We use the same time change r : [ti,T] — > [to,T] in order to introduce the process 

W t = -^B r(t) , te[h,T}. 
vt 

We observe that W = (W t ) te f tli Ti is a Brownian motion under the probability P but also under Q T = g T P 
(Indeed, B and g T are independent under P), and W and t{(i) arc independent under both P and Q T . 
Let e > 0. From the definition of the value function V, 

V{t ,x ) = inf J{t ,x ,u), 

we get the existence of an admissible control u° G U B '^(t ,T) such that 

J {to, x Q , u°) < V{t , x ) + e. 

We define 

u 1 {t)=u°{T{t)), t€ [ti,T\. 
Then, obviously, u 1 G U W ' T ^ {h, T), i.e., u 1 is a [/-valued process predictable with respect the filtration 

f wMp) = a{Ws , T ^ tuS ] x A ),s e [ti,t], A e £>(£)} VTVp, t G [ti,T], 

generated by VF and t(/j). 

Let now X° = {^°} sg j to T j be the solution of the forward equation 

X° =x + I b{r,X°,u° r )dr + f a{r,X° r , u° r )dB r + f f p{r,X°_,u° r ,e)il{dr,de), s e [t ,T], (2.3) 

J tQ J to <s Zq J E 

under the probability P, and let X 1 — {-^i} se j tl T ] be the solution of the equation 
Xl=xi+f b{r,Xl,u 1 T )dr+ f <r{r,X},u 1 r )dW r + f f 0(r, X)._, u\, e)^f T {dr, de), s G [h,T], (2.4) 

Jti Jti Jti J E 

under probability measure Q T . Notice that the compensated Poisson random measure ft under P is of the 
form 

p,{ds,de) = ^i(ds,de) - dsll(de), (s,e) G [to,T] x E, 
while the compensated Poisson random measure for t{(i) under Q r has the form 

t(^) Qt (ds, de) =r(/i)(ds,de) - dsll(de), (s,e) G [ii,T] x £. 

We employ the BSDE method to prove the Lipschitz continuity of the value function V. For this we 
associate the above SDEs with the following BSDEs with jumps: 

Y s ° = *{X°) + f f{r, X° r , Y r °, Z° r , U?, u° r )dr - f Z° r dB r - C f C/ r (e)/i(dr, de), s G [to, T], (2.5) 

Js Js JE 

under probability P, and 

Y, 1 = + C !{r,XlX,Zl,Ul,u\)dv- f Z l r dW r - f [ U}{e)^f T {dr,de), sG[h,T}, (2.6) 

J s J s J s J E 
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under probability Q r . From [1], we know the above two BSDEs have unique solutions (Y°, Z°, U°) = 
(Y^,Z° s ,U° s ) se[ta , T] and (Y 1 , Z x ,U X ) = (Yj- , Z\ ,U}) se[tl ,T], respectively. While Y° is adapted and Z° and 
U° are predictable with respect to the filtration generated by B and fi, Y 1 is adapted and Z 1 and U 1 are 
predictable with respect the filtration generated by W and t(/i). Thus, Y t ° o and are deterministic, and 
from the definition of the cost functionals we have 



*to - £ = J (*o, ^o; u°) - e < V(t ,x ) 



inf J (to, x ;u) , 

ueU B ^(t a ,T) 



and 



Y t \=J(t 1 ,x 1 ;u 1 )>V(t 1 ,x 1 )(= inf J^x^u) ) . 
1 \ «ew w '-<")(ti,T) J 



(2.7) 
(2.8) 



Here we have used that the stochastic interpretation of V docs not depend on the special choice of the 
underlying driving Brownian motion and the underlying Poisson random measure with compensator dsil(de). 
In order to show the Lipschitz property of V in (t, x), we have to estimate 

V(t ,x ) - V(ti,x{) >J{t ,x ;u°) - J(t u x\;v}-) - e 
-Y° - y 1 -f 

However, in order to estimate the difference between the processes Y° and Y , we have to make their both 
BSDEs comparable, i.e., we need them over the same time interval, driven by the same Brownian motion 
and by the same compensated Poisson random measure. For this reason we apply to SDE (2.4) and BSDE 
(2.6) the inverse time change r _1 : [to,T] — » [ti,T]. So we introduce the process X 1 = {^s} s e[t ,T] by 
setting X] = X^_ 1( ^ s y Wc also observe that W r -i( r ) = -^B r and u 1 t _ 1 ^ = u®, r E [to,T]. Obviously, 
X 1 e S 2 (t , T; R) is the unique solution of the SDE 



Xl = Xl + f S b(T- 1 (r),X^u 1 T - 1{r) )dT- 1 (r)+ [' viT-Hr^X^ul-^dWr- 

Jto Jto 

+ f I /3(r- 1 (r),X r 1 _,<_ 1(r) ,e)r(^) QT (dT- 1 (r),de) 

Jto JE 

= xi+ I \b( T - 1 (r),Xl,u° r )&r+ f -La^ir^X^u^dBr 



i(r) 



to 



+ 



ftr-Vj.X^.t&e) U(dr,de) + (1 



n(de)dr 



(2.9) 



This time change in equation (2.4) makes the processes X° and X 1 comparable. More precisely, we have 

Lemma 2.5. There exists some constant C$, only depending on the bounds ofa,b,f3, their Lipschitz con- 
stants, as well as on Tl(E) and 5, such that, for all t £ [to,T], 



E 





Xg — xl 


2 


sup 


\Ft 


t<s<T 







< 



c s (^-h\ 2 + \x°-xI\ 2 ) 



For the proof of this lemma we need the following estimates gotten by an elementary straightforward 
computation (see [2], [3]). 



Lemma 2.6. There is a constant C$ only depending on S > 0, such that for all r e [to,?!, we have 

+ \T- 1 (r)-r\+ 1-Vf <C s \to-ti\. 



1-1 

f 
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Proof (of Lemma 2.5): By taking the difference between the SDEs (2.3) and (2.9) and after the conditional 
expectation of the supremum of its square, we get from Lemma 2.6 and the assumptions on the coefficients, 
for s e [t,T], 









2 




E 


sup 


X r — X r 




T 




r£[t,s] 









= E 



f b(v,X a v7 u° v )--b(r- 1 (v),Xlu v ) 

Jt T 



dv 



+ T / P(T-\v),Xl_,u° v ,e) 

Jt J E 



n(de)dw 



C 



+ sup 

re[t,s] 

+ sup 

r€[t,s] 



<r(v,X°,u° v ) - -^a{j-\v),Xl,u%)j dB v 
j [p{v, X° v _,u° v , e) - P{t~\v), Xl_,u° v , e)) ft(dv, de) 



+ CE 



a; 



+ It \v) -v\ + 



x®. — x}. 



V V 



dl 



T 



+CE 



a 



Vf 



+ It \v) -v\ + 



< C s 



X° t -Xl +\t -t 1 \ 2 ) +C S / E 



Xy — X v 



X v — x v 



dv 



\T 



T 
dv 



Finally, from Gronwall's inequality, we have 



E 


sup 


x s — x s 


2 

\T t 




s€[i,T] 







<C s (\to-t 1 \ 2 + \X°-Xt\ 2 ') 



Hence the proof of Lemma 2.5 is complete now. 



After having made comparable X° and X 1 by the time change of X 1 , we make now Y° and Y 1 comparable. 
For this we put Y} = Y^_ 1{s) , Z\ = and U} = C^_ 1(a) , a G [t ,T]. Then {Y^Z 1 ,!! 1 ) = 

(Y s \Zl,U}) se[ t^ T] e 5 2 (t ,T;R) x h 2 (t ,T;R d ) x L 2 (t , T; ft, R) is the solution of the BSDE 



Y} =$(X^) + ^/(t- 1 ^), X, 1 , y,, 1 , V? Z l r , Uiy r )dr - Z\dB r 



(2.10) 



with respect to the same filtration F as (Y°, Z°,U ). 

For the above BSDE, we have the following a priori estimates which can be proven by a straight-forward 
standard argument: 

Lemma 2.7. Under hypothesis (H2), there exists some constant Cs, only depending on the bounds of a, b,/3, 
their Lipschitz constants, as well as on H(E) and 5, such that, 



E 





2 f 






2 






iT + l 


7 

JE 


Ufa) 


n(de)dr 


T 



<C S < +oo, te [t ,T]. 



se[t,T] 

Now we can state the key lemma for proving the joint Lipschitz continuity of V . 



(2.11) 



9 



Lemma 2.8. Under our standard assumptions (HI) and (H2), we have 



E 



sup \Y S °-Y S 1 \ 2 + 

s£[t,T] 



dr + 



t JE 



/7 r °(e)-C/ r 1 (e) n(de)dr 



^(ito-hf + lxZ-Xtl 2 ), te[to,T\. 

Proof: First we notice that, for s > t, 

y s ° =<p(x° t ) *(xi ) 

+ J (/(r, X° r , Y r °, Z° r , U?, u x r ) - jf{r^{r), X^,Y r \ V+Z}, U},u$)j dr 



(2.12) 



+ 



s JE 



1 - - ) Ul(e)drU(de). 



We apply Ito's formula to |F S ° — Y}\ 2 and, using the boundedness and the Lipschitz continuity of $ and /, 
as well as Lemma 2.6, we deduce that 



\Y?-Y. 



J 8 



< 



zl zl 



c 



dr + 



s JE 



x® — xl 



C/ r °(e)-C/ r 1 (e) n(de)dr 

T 



dr + C \Y»-Y r l \ z dr 



-2 J (y r ° - ?;) [zl - Zl) dB r + C\h -ti| 2 

- [ j E (2 (Y r ° - Y r ') (U?(e) Ul(e)) + \u° r {e) C^Q A(dr,de) 

Ul{e) 2 n(de) ) dr. 



+C\to-ti\' 



By taking the conditional expectation on both sides, using Lemma 2.5, the a priori estimate (2.11) and 
Gronwall's lemma, we obtain, for to < t < s < T , 



E 



\Y?-Y}\* 



Z? - Zl 



dr + 



s JE 



U°(e)-Ul(e) n(de)dr 



Ft 



^(ito-til' + IJf"-^ 1 ! 2 ). 
Then the Burkholdcr-Davis-Gundy inequality allows to show that 



E 



sup \Y S °-Y S 

sG[t,T] 



^ 2 + l 



zl zl 



dr + 



t JE 



U°(e)-Ul(e) n(de)dr 



<C s {^-ttf + \X*-X\f), te[to,T\. 

The proof is now complete. 

Now we are ready to give the proof of Theorem 2.2. 
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Proof of Theorem 2.2: By taking t — to in (2.12), we have 

<C 5 (|*d - ^l 2 + \K Xlf) = C 5 (|t - ii| 2 + \X" tQ Xl | 2 ) 
=Cs (|t -*i| 2 + ko -a;i| 2 ) • 
Therefore, from (2.7) and (2.8), we get that 

V(t ,x )-V(t 1 ,x 1 ) 
>J(t ,x ;u°) - J^i^ijm 1 ) - e 
=K° - Y} - e 

to *0 

> - Cs(\t - h\ + \x - zi|) - e, 

for some Cs only depending on S but not on (to, x ), (t\,x\) E [0, T — <5] x R d . Thus, from the arbitrariness 
of e, we deduce that 

V(*o,£o) - V"(ti,o;i) > -C s (\t - h\ + \x - xi\). 

Symmetrical argument yields the converse relation. Consequently, the joint Lipschitz continuity of V over 
[0,T-(5]xR d . ■ 

3 Semiconcavity 

We study in this section the semiconcavity property of the viscosity solution V and to extend for this the 
method of time change and Kulik's transformation used in the preceding section. 

For the semiconcavity property, we need more assumptions on the coefficients: 
(H3) The function $(x) is semiconcave, and /(•, •, •, •, ■, u) is semiconcave in (t, x, y, z,p) E [0, T] x M d x M x 
R d x L 2 (E 7 B(E),U;S.), uniformly with respect to u E U, i.e., there exists a constant C > 0, such that, for 
any a = (h, x u y x , z u Pi), 6 = (t 2 , x 2 , y 2 , z 2 ,p 2 ) in [0,T] x R d x R x R d x L 2 (E,B(E),U;R), and A E [0,1], 

ueU, 

A/Ki,«) + (1 - A)/(6, «) - /(A£i + (1 - A)&,u) 
<CA(1 - A) (V - t 2 \ 2 + \ Xl -x 2 \ 2 + \ Vl - y 2 \ 2 + \z x - z 2 \ 2 + \ Pl (e) - p 2 (e)| 2 n(de)^ . 

(H4) The first-order derivatives Vt,xb, Vt,xO~ and Vt, x /3 of b, a and /? with respect to (t,x) exist and are 
continuous in (t,x,u) and Lipschitz continuous in (t,x), uniformly with respect to u. 

(H5) There exist two constants — 1 < C\ < and C 2 > such that, for all (t, £) := (t,x,y,z) E [0,T] x 
R d x R x R d , u e f/, and e L 2 (E,B(E), II; R), 

./•(U,p, W )-/(U,p»< / (Me)-p'(e)) 7t ? ' W (e)n(de), 

where {7|'"' p ' p (e)}te[o,T] is a measurable function such that, for every t E [0,T], 

C 1 (lA|e|)< 7 f" ;py (e)<C 2 (lA|e|). 
Our main result in this section is the following: 

Theorem 3.1. Under the assumptions (HI) — (H5), for every S E (0, T), there exists some constant Cs > 
such that, for all (to, Xq), (ti,Xi) E [0, T — 5] x R d , and for all A E [0, 1]: 

XV(t Q ,x Q ) + (1 - X)V(t uXl ) - V(t\,x\) < C 5 X(1 - X)(\t - ti| 2 + \x - xx| 2 ), 

where t\ = Xto + (1 — X)ti,x\ = Xxq + (1 — A)xi. 
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Remark 3.2. Again as in the case of the Lipschitz continuity, we cannot hope, in general, that the property 
of semiconcavity holds over the whole domain [0, T] x M. d . Indeed, let us consider the example given in the 
preceding section (Remark 2.3). In particular, we have gotten there that 

V(s,0) = E[<S>(X^ )} = E[-\B T - B s \] = -J-VT~7s, s e [0,T]. 

V 7T 

However, it is easy to check that this function V is not semiconcave in [0,T] xM. d , but it has this semiconcavity 
property on [0, T — S] x R d , for all 5 > 0. 

The proof of Theorem 3.1 will be based again on the method of time change. But unlike the proof of 
the Lipschitz property, we have to work here with two time changes. In order to be more precise, for given 
S > 0, (t ,x ), (ti,xi) € [0,T — 5] x R d , let us consider the both following linear time changes: 

n : [t u T] -+ [t x , T], Ti (t)=t x + j r —±(t-U), 

with the derivatives fj = ^~* A , t € [t»,T], i = 0, 1. 

For t — t\, we let B = {B s } S £[t x ,T] be a Brownian motion starting from zero at t\: B tx = 0. Then 
{Wg = -^=B T .( S }} S £[t u T] is a Brownian motion on [ij,T], starting from zero at time ti, i = 0,1. For t = t\, 
let ju(dr, de) be our Poisson random measure on [tA>^1 x E under probability P. Then Tj(/u), i = 0, 1, defined 
as the Kulik transformation of yu, 

Ti((i)([ti,ti + s] x A) 4 /z([*A,Ts(ti + s)]xA),0<s<T-f„AeM 

is a new Poisson random measure but under probability Qj, where 

= cx p {- ln (^3^) ^[*i> r] x £) + (t, - *A)n(£7)} . 

We denote the corresponding compensated Poisson random measures under P and Qi by fx and r,(/u), t = 0,1, 
respectively: 

/i(ds, de) = /u(ds, de) - dsll(de), (s, e) G T] x £, 

and 

r-7/0((l.s. de) = Ti(/i)(ds, de) - dsll(de), (s, e) G [U, T] x £. 

Let us now fix an arbitrary u x G U B ^(t x ,T) (Recall the definition of U B ^(t x , T)). Then, obviously, 
u l — U Ti(s)' s e [*»>^1j i s an admissible control in U w ' Ti ^\ti,T) with respect to W l and Ti(/z). 
We let {X x }se[t x ,T] be the unique solution of the SDE, 

X x = x x + f'b(r, X x , u x )dr + f a(r, X x ,u x )dB r + f f (3(r, X r x _, u x , e)»(dr, de), a G [t x ,T]. (3.1) 

Jt x Jt x Jt x JE 

We also make use of the unique solution {-X'g}se[t i ,T] 01 the following SDE, 

X\ = Xi + f b{r,X l r ,4)dr+ f <j(r,X>*)dW r ;+ / //3(r, u\, e)^T)(dr, de), se^T], i = 0, 1. 
Jti Jti Jti Je 

(3.2) 

As in the preceding section, we associate the forward equations (3.1) and (3.2) with BSDEs. Let 
(Y x , Z x , t/ s A ) se [ tA . T ] and (Yj, Z\, t/j) se [ ti . T ] , i = 0, 1, be the unique solutions of the BSDEs 

Y x = <P(X x )+[ f(r,X x ,Y x ,Z x ,U x ,u x )dr- [ Z x dB r - [ j U^{e)jl{dr,de), s G [t x ,T], 

J s J s J s J E 
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and 

r; = $(^)+ [ T f(r,XlX,K,U l r ,<)dr- fzidW l r - f [ W r (e)^)(dr,de), se[U,T], 

J s J s J s J E 

respectively. Then from the adaptedness of the solutions Y x and Y l with respect to the nitrations generated 
by (B,n) and (W l , Tj(/ii)) , respectively, we know that Y t x and Y£ are deterministic and equal to the cost 
functionals J(t x ,x x ;u x ) and J(ti,Xi;u l ), respectively. 

For the proof of the Theorem 3.1 it is crucial to estimate \Y® o + (1 — A)Y" t ^ — Y t x , for A e (0, 1). Since the 
processes Y"°, Y" 1 and Y x are solutions of BSDEs over different time intervals, driven by different Brownian 
motions and different Poisson random measures, we have to make them comparable with the help of the 
inverse time change. 

In a first step we carry out^this inverse time change for the forward equations. For this end we introduce 
the time-changed processes: X l a = , s e [t x , T], i = 0, 1. Then we have, for i = 0,1, 



Xl=x l+ / -b{Tr\r),Xl,u x r )dr + 



tx 



tx 



Vn 



a{Tr\r),Xl,u x )dB r 



tx JE 



P{Tr\r),Xl_,u x ,e) ( p{dr,de) + ( 1 - - ) n(de)dr 



(3.3) 



G [tx,T]. 



Comparable with Lemma 2.5 but now with arbitrary power p > 2, we can show 



Lemma 3.3. Let p > 2. Then there exists a constant C$, p depending only on the bounds of a,b,f3, their 
Lipschitz constants, H(E), S as well as p, such that, for all t £ [t\,T], 



E 



sup 


x® — xl 


p 






x? xl 


t<s<T 













P + |to-ii| P ). 



(3.4) 



Moreover, in addition to Lemma 3.3, which gives a kind of "first order estimate", we also have the 
following kind of "second order estimate". For this we introduce the process X x = \X° + (1 — XjX 1 . 

Lemma 3.4. Let p > 2. There exists a constant C p j depending only on the bounds ofa,b,/3, their Lipschitz 
constants, H(E), S andp, such that, for all t e [t\,T], 



E 

<Cp,<5 



sup 




p 




t<s<T 









x t x - x* 



+ <7 P>4 (A(1-A))* ( |t -ti| 2p + 



x?-xi 



J 2p 



(3.5) 



For the proof of the both above lemmata the reader is referred to the Appendix. 



After having applied the inverse time changes to the forward equations, let us do it now for the BSDEs. 
Thus, for i = 0,1, we introduce the processes Y* = Y*^ , Z\ = -^Z*_i , and ~U\ = t/V^, s e [t\,T]. 

Obviously, (Y X ,Z X ,U X ) and (Y\Z\U l ) belong to S 2 (t x ,T;R) x h 2 {t x ,T;R d ) x h 2 (t x ,T;p,R), and 

+ £ jJ{Tr\r),XUY;, VTlK, K, u x )dr - £ Z\dB r 



XP r {e) ( p(dr,de) + ( 1 - j ) n(de)dr ) , s € [t x ,T]. 



With the help of standard BSDE estimates we can show 
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Lemma 3.5. Forp > 2, there exists some constant C p only depending on p and the bounds of the coefficients 
f, such that, for all s e [t\, T], i = 0, 1, 



and 



E 



E 



sup |FT+ ( / 

3<r<T \Js 



\ P/2 

l^| 2 dr + 



J \Z x \ 2 dr\ + (j j l^ A (e)| 2 n(de)dr 



s JE 



|C/;(e)| 2 n(de)dr 



sup \Y> 

3<r<T 



p/2 



p/2 



< C P , 



As the proof uses simple BSDE estimates which by now are standard (see, for instance, [5]), the proof is 
omitted. 

Recall that we have defined X x = XX° + (1 — A)^ 1 . In the same manner, we introduce the processes 
Y x = XY° + (1 - A)? 1 , Z x = XZ° + (1 - X)Z Y and U x = XU° + (1 - X)U\ Then we get that (Y x , Z x , U x ) e 
S 2 (t x ,T;R) x L 2 (t A ,T;R d ) x L 2 (t A , T; p, M) is the unique solution of the following BSDE 



Y x = A$ (*°) + (1 - A)$ (4) - y Z x dB r ~ J J U*(e)p(dr, de) 
+ f T \-f(To l (r),X?,Y r °, ^/7 Z r ,U° r ,u x ) + ±^±f{ T -\r),Xl,Y}, ^Z^U} ,u x ) 



dr 



s JE 



A i- t/0( e ) + (i_ A ) h_ U/i (e) 



n(de)dr, s e [U,T]. 



In analogy to Lemma 3.3 we have for the associated BSDE the following statement, which proof is 
postponed in the Appendix: 

Lemma 3.6. For allp > 2, there exists a constant C$ depending only on the bounds of a, b, (3, their Lipschitz 
constants, H(E), S andp, such that, for any t e [t\,T], 



E 



sup |r s °-nY 

t<s<T 



z° zl 



ds) + 



t JE 



p/2 



U° s (e)-Ul{e) n(de)ds 



<C s {\X^-Xl\P + \t -h\p). 
Our objective is to estimate 

XY t ° (> + (1 - X)Y t \ - Y x = Y x - Y x . 

For this end some auxiliary processes shall be introduced. So let us introduce the increasing cadlag processes 

A t :=\to-h\+ sup \X S -Xl\, 
se[t x ,t] 



and 



B t := sup \X X - X x \, te[t x ,T\. 
se[t x ,t] 



For some suitable C and C$ which will be specified later, we also introduce the increasing cadlag process 

D t = CB t + C$X(1 - X)A 2 , te[t x ,T}. 
We can obtain easily from the Lemmata 3.3 and 3.4 the following estimate for D t . 
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Corollary 3.7. For any p > 2, there exists a constant C p such that 

E[\D a \ p \Tt]<C p \D t \ p , for all s,t e [t\,T], with t < s. 

We observe that, in particular, 

E [|£> r |P] < C p (\t -h\P + \x - Xi\ p ) < +00, p > 2. 

We let (Y x , Z x ,U x )e S 2 (t x , T; M) x L 2 (t A , T; R d ) x L 2 (t A , T; fi, M) be the unique solution of the following 
BSDE, 



Y x = $ (A A ) +D T - I Z x dB r 

t-T v 



U?(e)p,{dr, de) 



+ 



s J E 

A n 9^ fr^ „.M 



f(r, X x , Y x - D r , Z x , [/ A , «*) + C£> r 
+ C?A(1 - A) (|*o - til 2 (l + KT) + K° - ^T) + j E \u° r {e) C/ r 1 (e)| 2 n(de) 



dr, se [i A ,T]. 



The process F A stems its importance from the fact that it majorizes Y x in a suitable manner. More precisely, 
we have 

Lemma 3.8. Y x < Y x , F-a.s., for any s e [t\,T]. 

For a better readability of the paper, also this proof is postponed to the Appendix. 

In addition to Lemma 3.8, we also have to estimate the difference between Y x and Y x . For this we 

introduce the process Y t = Y t x -D t ,t£ [t x ,T], and we identify (Y ,Z X ,U X ) as the unique solution of the 
BSDE 



Y, (X x ) 



f(r,X x ,Y tl Z x ,U x ,u x ) + CD r 



+ C° 5 X(1 A) (|*o - til 2 (l + |#| 2 ) + \Z° r - Zl\ 
+ f C/ r °(e)-C/ r 1 (e) 2 n(de)ldr- f Z x dB r - f f U x {e)fi(dr, de) + / dD r , se[t x ,T\. 

J E J J s J s J E J s 

We observe that we have the following statement, which proof is given in the Appendix. 
Lemma 3.9. Fort G [i A ,T], we have 



E 



sup 

»e[t,T] 



F A - Y x 



Z x . - z x 



ds 



U x (e)-U x (e) Mds.de) 



(3.6) 



<C s Dl 



Now we are ready to give the proof of Theorem 3.1. 
Proof of Theorem 3.1: We know from the stochastic interpretation of the viscosity solution V as value function 
(see (1.4)) that, for any A € (0, 1) and e > 0, there exists an admissible control process u x G li B '^(t\,T) 
such that Y t x < V(t\,x\) + e. On the other hand, using again (1.4), but now for U w ' Ti ^\ we obtain: 
V(ti,Xi) < Yl, i = 0, 1. From the Lemmata 3.8 and 3.9 we deduce that 

XV(t ,x ) + (l-X)V(t 1 ,x 1 ) 
< XY t ° Q + (l-X)Y t \ 



XY° + (1 - X)Y t \ = Y t 



A 

A -t X 
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< Y t \+C 5 D tx 

< V(t x ,x x )+C 6 B tx +C 6 X(l-X)A 2 tx +e 

< V(t x , x x ) + C S X(1 - X)(\t - ti| 2 + \x - xi| 2 ) + e. 

Here we have used that D tx = CB tx + CgX(l — X)A 2 x and B tx = 0. From the arbitrariness of e, it follows 
that 

XV(t ,x Q ) + (1 - X)V(ti,xi) < V{t x ,x x ) + C s X(l - A)(|i -h\ 2 + \x - Xl \ 2 ). 
Hence, the semiconcavity of V is proved. ■ 



4 Appendix 



The appendix is devoted to the proof of the Lemmata 3.3-3.9. 

First we give the following lemma, which will be used in what follows. It can be checked by a straight- 
forward computation and, hence, its proof is omitted. 

Lemma 4.1. There exists some positive constant C$ only depending on T and 5 such that, for s € [t\,T], 



\ro 1 (s)-r 1 - 1 (s)\ + 



1 1 



TO Tl 



'T 



7=1 < C s \to-h\ 

'Tl 



'T() 



+ (1-A) 



>T\ 



^=) + (l-A)(l--L) 

/to vn 



< ^ACl- A)|*o-ti|, 

< -^A(l-A)|i -ti| 2 . 



A(l 



Moreover, for all s e [t x , T] , 

A(l ~h = -(1 - A)(l - 1) = - h), Xt q -\s) + (1 - A)t 1 ~ 1 (s) = s. 

TO Tl 1 - t\ 

We begin with the proof of Lemma 3.3. 

Proof of Lemma 3. 3: Let us put 

A/3(r, e) = ^{r), X° r _,u^ e) - p(r^(r),X^_,u^ e), 
for (r, e) e [^a,? 1 ] x i?, and consider, for t e [t\,T], 



= / / A/3(r,e)/x(dr,de), sS[t,T]. 



Since A/3 is bounded and predictable, M is a p-integrable martingale, for all p > 2. We deduce from Ito's 
formula that, 

7V S := \M s \p -II (\M r + A/3(r,e)| p - |M r |" - p|M r |f" 2 M r A/3(r, e)) n(de)dr, s e [t,T], 

Jt JE 

is a martingale with N t = (see, Fujiwara and Kunita [6]). Moreover, since /3 is Lipschitz in (t, x), uniformly 
with respect to (u, e), 

\M r + A(3(r, e)\ p - \M r \ p - p\M r \ p - 2 M r A(3(r, e) 
<C p (|A/3(r,e)| 2 |M r r 2 + |A/3(r, e )|f) 

<C P - X, 1 ! 2 + Iro" 1 ^) - T^\r)\ 2 ) \M r \ p - 2 + \X° r X}\* + ^(r) - T^(r)\ p ) 

<C P ((|X r ° - Xl\ 2 + |*o - ^l 2 ) \M r \ p - 2 + \X° r - Xl\ p + |*o - h\ p ) • 
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It follows that, for s e [t,T], 
E[\M s \r\F t ] 

= E 



< C* P E 



f f (\M r + A/3{r,e)\ p -\M r \ p -p\M r \ p - 2 M r A/3{r,e))U{de)dr\^ t 

Jt J E 

J' - X, 1 ! 2 + \t - ii| 2 ) \M r r 2 + \X° r - Xly + |t - dr 



T 



< C P E 



J S (\X° r - Xl\P -I- 1*0 — dr 
and from Gronwall's inequality we obtain 



T 



+ C P E 



\M r \ p dr 



T 



E[\M s \ p \F t ] < C P E 

Noticing that, for any t\ < t < v < T , 

X„ — X„, 



£ (\X° r - X'f + \t - hf) dr 



T 



, s€[t,T]. 



(4.1) 



'■V V 



(4.2) 



= X°t Xl + f (^b{r^{r),X° r ,u x r ) - ±rb{T^{r),Xl,u x r )\ dr 
Jt V T o T i / 

Jt \vto vn / 

+ ((l - 4) ^(ro-^rj.^.u^e) - (l - 1) f3(r^(r) 7 X^u x ,e^j n(de)dr, 

we get, by a standard argument (Recall that U(E) < oo) and Lemma 4.1, the existence of a constant Cs, p 
such that 



E 

< Cs.p 



sup 

t<v<s 



Xy — X v 



\Tt 



X?-Xj 



+ C„E 



1 





1 


1 




TO 


Tl 


1 




1 




+ 











+ 



dr 



T 



\ P/2 



drj 



+C d> E[|M s | p |J- t ]+C^|i -tir. 
Thus, taking into account (4.1), we obtain 



E 



sup 


X v — X v 


p 


T 


t<v<s 









< 



Cs, P ( 



- x\ 



+ \t -h\ p )+C s 



■t 



E 



sup 

t<v<r 



x v - xl 



\T 



dr, se [t x ,T], 



and, finally, Gronwall's lemma yields that 



sup 

t<v<T 



X v — X v 



T 



<C tfj ,(|X t °-X t Y + |to-*i| p ). 



The proof is complete now. 

Let us now prove Lemma 3.4: 
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Proof of Lemma 3.4: We observe that, for s G [t\,T} 7 



XX \r X 



+ 



- f fA, (T -i W; xO iU A) + iz^^-i^),^ 1 ,^) - a(r, A A , U A )) cLB r 

A A Vvto vn / 

- f / (A/3(r ->),A^, U A ,e) + (l-A)/3(Tf>^ 
ItL ( A (* ~ ^ T o _1 ( r ),*rVr,e) + (1- A) (l - 1) ^(rfHO.^.u^e)) n(de)dr. 



(4.3) 



Taking into account that, as a consequence of the assumptions on the coefficients, we have on one hand that 
the functions 6, a, /3 but also — b, — a, — f3 are semiconcave in (t, x), uniformly with respect to u and (u, e), 



respectively, and that, on the other hand, A(l — J-) = —(1 — A)(l — J-) 



we deduce 



_ A(l-A) 
fi > T-t x 



(to — t±) (sec Lemma 4.1), 



< 



A & ( T -i( r ),X r °,n A ) + i-^fo^-^r),^ 1 ,^) - b(r,X x ,u x ) 

to n 

Afcfo-^r) A«r) + (1 - \)b(r^ l (r),X^u x ) - 6(r, A A ,u A ) 

^ - l) ft^M,*?,"*) + (1 - A) Q- - l) b{r^{r),Xl,u x ) 



< CsX(l-\)[\t -t 1 \ 2 + 



x? - xl 



+ C S 



, re [t x ,T]. 



Similarly, we get 



^=a{r^{r),X° r ,u x r ) + l —^a{r^{r),Xl,u x r ) - a(r,X x ,u x ) 



< CiA(l-A) ( |* -*i| 



x2 - xl 



+ C S 



x x - x x 



re[tx,T\, 



and 



A^-V), u x r , e) + (1 - A)/?(r 1 _1 (r), X*, u A , e) - /3(r, X A , U A , e) 



< C 5 A(1 - A) |t - ill 2 + 



X? — x} 



+ C S 



V A v X 



, re[t x ,T}. 



Moreover, by using again that A(l — i) = —(1 — A)(l — i) = fto ~ *i) , we obtain 

A (l - ~\) P{To\r), X° r ,u x , e) + (1 - A) (l - 1) ^(rf^r), X*, u A , e) 



<C 4 A(1-A) |t -ti| 



r€[tx,T}. 



Consequently, by combining the above estimates with the argument which has lead to (4.1) in the proof of 
Lemma 3.3, we get 



E 



sup 


vA v A 


p 




< 


t<v<s 
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+ C S (X(1-X)) P { |t - ti| 2p + IE 



[ 



x® — x\ 



2p 



dr 



[ E 


sup 


V~ A v A 


P 


Ft 


dr, t x <t < s <T, 




t<v<r 











and, thus, Lemma 3.3 yields 
E 



sup 


~yX v A 








x? - x t x 


t<v<s 









+ C 4lP (A(l - A)f ( |t -ti| 2p + 



sup 


V" A v"A 

A ti — A,, 


P 


•Ft 


t<v<r 









dr, tx <t < s <T. 



2p 



Hence, Gronwall's inequality gives 



E 


sup 


*s - x* 


p 


Tt 


< Cs, P 


x t x - x? 




t<s<T 











+ C s , p (\(l - X)f [ Ito-t^P 



x» t -xi 



2p 



The proof of Lemma 3.4 is complete. 

We prove now the analogue estimates for our BSDEs stated in Lemma 3.6. 
Proof of Lemma 3.6: We notice that, for tx < s < t < T, 

=*(X°) - <D(4) 

f (z° r Zl) dB r £ J (t/°(e) U}(e)) ftdr, de) 



(4.4) 



Is J E 



TO 



1 - — ) E/°(e) - 1 - — j Ul(e) n(de)dr. 



By applying Ito's formula to |F S ° — Y*\ 2 , we get from the boundedness and the Lipschitz continuity of / 
that, for t x < s < t < T, 



z2. Z r 



dr + 



< 



\Y?-Y}\'- 
$(X°) - $(X*) 2 + C\to -h\ 2 + C I 

J s 

-2^ T (r,°-y r 1 ) (z° r -zl)dB 



C/ r °(e)-C/ r 1 (e) n(de)dr 

E ' 

T „ 2 

yl 



x~ — x r 



dr + C 



I \K°-Y r i\ 

J s 



■dr 



+ \to-h\ 2 



C/ r °(e) 2 + U}{e) 2 ) n(de) ) dr 



J e (2 (y r ° - y/) ([7?(e) Ul(e)) + |[/°(e) - C^Q £(dr,de). (4.5) 

Then taking the conditional expectation and applying Gronwall's inequality and the Burkholder-Davis- 
Gundy inequality we obtain from the Lemmata 3.5 and 3.3 (Recall also the arguments given in the proof of 
Lemma 3.4) that 



E 



sup 

t<r<T 



|i?-y r T + / a 



dr + 



t JE 



U?{e)-U}(e) n(de)dr 
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< C s 
In particular, we have 



+ i*o — *i| 2 1 , te[t x ,T}. 



\Y t °-Y t ^<C s 



x? - x\ 



+ \t -h\ 2 , te[t x ,T}. 



Consequently, from Lemma 3.4, we have, for p > 2, 



E 



sup |y r °-r r 1 | p 

t<r<T 



T 



< C?* (|jf t ° - + |*o - til") , te[t x ,T\. 



(4.6) 



From (4.5), by using that /x(drde) = fi(drde) — II(de)dr, we get also that 



Z„ Z~ 



dr + 



< 



U?(e)-U$(e) n(dr,de) 

T 



X® — x^ 

T 



- $(X*) 2 + C|i -h\ 2 + C [ 

J s 

- jf J (2 (y r ° - F, 1 ) (c/ r °(e) - t£(e))) A(dr, de) 



7 



dr + C / IF^-y/^dr 



U°(e) + Ul{e) )n(de) dr 



Hence, by applying Lemma 3.3 and Burkholder-Davis-Gundy's inequality, we obtain from the above inequal- 
ity that 



E 



zl-zl 



, X P/2 

dr + 

J \-' .it 



p/2 



C/ r °(e)-[/ r 1 (e) ^(dr,de) 



Tt 



< c(\x°-Xl\ P + \t -h\p) + CE (J 



Y° - Y 1 



z2 z„ 



,p/4 



drj 



+2 



K u - Yl 



\ P/4 



(|x t °-x t 1 | P + |t -ii| p )+: 



Js JE 

Combining (4.6) and (4.7), we get 



E 


C sup 


Y r ° - Y} 




Z® — Z r 




s<r<T 









drj 



p/2 



HI J E \ d r(e)-U^e)\\(dr,de)\ 



T t 



(4.7) 



E 



\ P/2 



sup \Y r ° - Y} f + I [ Z*-Zl 2 dr) + ( f f U° (e) - U} (e) * M (dr, de) J 

s<r<T \Js ) \Js JE I 



T 



< c(\x?-x}\p+\t -hr). 

In order to replace in the left-hand side of (4.8) the term 



_ 2 \P/ 2 

jIJE\U?(c)-U}(e)\ M(dr,de)j 



T 



(4.8) 
by 
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E 



Cl E U?(e)-U}(e) n(de)dr 



E 



p/2 

7 



•Ft 



we make the following estimate 

p/2 



< (n(^)T)^E 



C/ r °(e)-Z7 r 1 (e) II(de)drJ 

/ / J7°(e)-C/ r 1 (e) P n(de)d 

Js J E 



= (n(^)T)^E 



[/°(e) - t/^e) M (dr,de) 



7i 



Let us denote by N the Poisson process N s — ii{[t\,s\ x E),s G [t\,T], with intensity the associated 

sequence of jump times by n = inf{s > t\ : N s = i},i > 1, and by pi ■ {n < T} ^ E s.t. M({( r i>Pi)}) = 1 
on {-Ti < T}, the associated sequence of marks. We observe that 



/ / U^e)-U^e)\(dr,de) = J2\u° Ti (p i )-U 1 Ti (p i ) 
Js Je ^ 

— ^E|^fe)-^fe)fj - Jju?(e)-U'(e)\\(dr,de)^ 



p/2 



Consequently, from the previous estimate we get 



E 



/ / C/ r °(e)-C/ r 1 (e) 2 n(de)dr 
Js Je i 



p/2 



< (U(E)T) — E 



< {U(E)T) — E 



p 




/x(dr, de) 


T t 



P/2 



s JE 



U?(e)-U}(e) M (dr,de) 



This latter estimate allows to deduce from (4.8) the wished result. 

Let us now give the proof of Lemma 3.8. 
Proof of Lemma 3.8: First we notice that, for re [t\, T], 

I :=A/( T -i( r ) ; x° r , Y r °, v^Z r °, U° r , u x r ) + i^/( Tl -i(r), X r \ F r \ v^Z r \ tf r \ u*) 

TO Tl 



=A/(r - 1 (r), X r °, Y r °, ^7 Q Z°, U° r , u x r ) + (1 - X)f(T^(r),X^,Y r \ ^Z^U^u*) 

- A(l - A)^-^^^ 1 ^),^ ,?; , v^Z r °,[/ r ,^) - /(rf 1 ^),^ 1 ,?/, y/7iZl,Ul,vt)). 

We also observe that, by applying Lemma 4.1, 

Av^Z, + (1 - X)^Zl - Z r A 

= A( v ^-l)Z r ° + (l-A)(y^-l)Z r 1 

<A|1 - ^/7 Q \\z* - ^1 + |A(1 - V^o) + (1 - A)(l - v^OIK'l 
<C 5 A(1 - A)(|i - h\\Z° r -Zl\ + |*o - iil'K 1 !)- 
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Thus, by using the estimates from Lemma 4.1, the semiconcavity as well as the Lipschitz continuity of /, we 
have 

/ < f(r, X x ,Y x ,X^/T Q Z Q r + (1 - X)^hZl, U x ,u x ) + C s X(l - A) (\t - h\ 2 (l + 



+ 



. ^.Z z . 



+ 



U?(e)-Ul(e) n(de) 



< /(r, X A , F A , Z r A , [/ A , u A ) + C 4 A(1 - A) (ji - tx| 2 + 

|^ (e )_^(e)| 2 n(de)). 



X° - Xl 



z2-zl 



Finally, by taking into account the Lipschitz continuity of / as well as the definition of D r , we get 



I < /(r,X A ,r r A -^ r ,Z A ,;7 A ,u A )+C 5 A(l-A)^o-ti| 2 (l + 

2 



+ 



x2 xl 



+ 



Y°-Y 1 



+ 



Z7°(e) - Ul(e) n(de) + CD r . 



Moreover, thanks to the semiconcavity of $, we have 

A$ (x£) + (1 - A)$ (x£) < $ (x£) + CB T + C s \(l - X)A 2 T . 

By virtue of assumption (H5), we can use the comparison theorem in [12] (Theorem 2.5) in order to conclude 
that 

Y X <Y X , for s € [t\, T]. 

The proof of Lemma 3.8 is complete. ■ 

Proof of Lemma 3.9: For some constant 7 > which will be specified later, we apply Ito's formula to 
ei s (Y X s -Y x ) 2 , and we get 



de^(y;-y/) 2 

-2e"<y) - Y x ) f(s, X x ,Yg, Z x , U x ,u x ) - f(s, X x , Y x , Z x , U x ,u x ) + CD S 
+C0A(l-A)(|t -t 1 | 2 (l + |Z s 1 | 2 )+|Z s °-Z s 1 | 2 )+ f U° s {e)-Ul{e) 2 Tl{de) 
+2e-> s (Y X - Y x ) (Z x - Z x ) dB s + 2e^(Y X _ - Y x _) j ' (u x (e) - U x (e)) £(da, de) 



ds 



-2e^{Y:_-Y x _)dD s + e^ s 7 



Y - Y' 



Z x - Zi 



ds 



where 



Y X - Y x 



+e< s d 

d 



Y X - Y x 



, 8€[t X ,T\, 

denotes the purely discontinuous part of the quadratic variation of Y — Y x : 



Y X - Y x 



]T (^Y X r -AY x )\ 8€[t x ,T\. 



t\<r<t 



We notice that, for s £ [t\,T], 

i-T 

e^ r d 



Y X - Y x 
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1 

> - 

- 2 



> 



<r<T 

E e7r (/ MW.de) -AD,.) 

(p x {e) - t/ A (e))%(dr,de) - C 7 J \AD r \dD r 
\f J E e7r (^r («0 - U r \e))\(dr, de) - C 7 (D T - £ s ) 2 , 



s<r<T 
T 



s JE 
T 



where C 7 = e lT . Hence, by integrating from s e [t\, T] to T and taking the conditional expectation on both 
sides, we deduce that 



7S 



Y - Y' 



+ E 



y - y 



+ 



r^-A r^A 
Z/y Zj 



dr 



< E 



C/ r A (e) - t/ A (e) M (dr,de) 

^ 2e< r {Yl - Y x ) |/(r, X A ,F A , Z A , L/ A , U A ) - /(r, X?,Y r x ,Z*, U x ,u x .) + CD r 
+C° 5 \(l - A) (|t - ^l 2 (l + |^| 2 ) + |Z r ° - Z, 1 ! 2 ) 
+ y |[/ r (e)-C/ r 1 ( e )| 2 n(d e )|dr + y 2e^(Y X r _-Y r x _)dD r + C 1 (D T -D s y 



Then, by a standard argument and from the Lipschitz continuity of /, we get 



< E 



Y x - y 

8 S 

1 

+ 2 
C K fe 

T 



+ E 



s JE 



Y X -Y 

r J t 
2 



dr 



U x {e)-U x {e) n(dr,de) 



Y X -Y x 



dr + 



2 A 



1 

"*J. JE 

+C,5 i7 E 



U x (e) - U x {e) n(de)dr 



Z x - zl 



dr 



sup 


Y X -Y x 


. s<r<T 





D StT + C 7 (D r - D s f 



where 



D„j =D r + A(] - A) ( |/„-/i|- ( ! + / \Z\\ 2 dr \ f 



70 -7l|2 



+ / / |f/ r °(e)-C/ r 1 (e)| 2 n(de)dr. 

Therefore, by choosing 7 large enough and applying Lemma 3.3 and Corollary 3.7, we have the following 
estimate: 



Y X - Y x 



■ E 



Z x - Z x 



dr + 



U x (e)-U x (e) M (dr,de) 



< C,j ;7 E 



sup 


Y X -Y x 

r * r 


D S ,T 




_s<r<T 









's JE 

+ C%D 2 S , s € [t\, T]. 



(4.9) 
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From Lemma 3.6 and Corollary 3.7, we get that for p > 2, 

E [|A,t|TO < C(\X° - X]\^ + \t - h\ 2 n < CDl 
Let 1 < p < 2 and q > 2 be two constants such that - + - = 1. Then we have, for e > 0, 



E 


sup 

_s<r<T 




-Y x 


D S ,T 




<E 


sup 

_s<r<T 




-Y x 

r 


p 




1 
V 

E 



>s,T\ 



<eM£ t + ±E \J >..,■■> T» 
<sM\ t + - £ C s . q D'i . / ■, / < , r T 



>8,T\ 

12 



M a , t = E 


sup 


Y X -Y X 

r * r 


P 






_t<r<T 









where 

Thus, Doob's inequality allows to show that, since 1 < p < 2, 

E sup Mf \F t 

se[t,T] 



, t x <t < s <T. 



< 



< 



2-p 
2 

2~p 



E 



E 



Ml t \T t 



sup 

se[t,T] 



Y -Y* 

1 s 1 s 



, t€[t x ,T]. 



Therefore, we can deduce from (4.9) that 

< C 5 , £ D 2 + C s „e 



E 


sup 


Y X -Y x 

1 s 1 s 


2 




se[t,T] 









sup 


Y X -Y x 


2 




s£[t,T] 







By choosing e small enough such that Cs^e (s~p) " < 1; we get 

<C S D 2 . 



E 



sup 

«e[t,T] 



F A - Y x 



Hence, it follows easily from (4.9) and (4.10) that 

2 rT 



E 



sup 

se[t,T] 

,2 



Y X -Y x 

1 s 1 s 



+ 



z x - z x 



ds 



T r 2 
Af„\ tj\( 



t J E 



U x {e)~U x {e) M (ds,de) 



<C s Df. 

The proof of Lemma 3.9 is complete now. 
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